We study the evolution of binary systems of Ultra-luminous X-ray sources and compute their optical emission assuming accretion onto a black hole via a non standard, advection-dominated slim disc with an outflow. We consider systems with black holes of 20M and 100M , and donor masses between 8M and 25M . Super-critical accretion has considerable effects on the optical emission. The irradiating flux in presence of an outflow remains considerably stronger than that produced by a standard disc. However, at very high accretion rates the contribution of X-ray irradiation becomes progressively less important in comparison with the intrinsic flux emitted from the disc. After Main Sequence the evolutionary tracks of the optical counterpart on the colourmagnitude diagram are markely different from those computed for Eddington-limited accretion. Systems with stellar-mass black holes and 12 − 20M donors accreting supercritically are characterized by blue colors (F450W -F555W −0.2 : +0.1) and high luminosity (M V −4 : −6.5). Systems with more massive black holes accreting supercritically from evolved donors of similar mass have comparable colours but can reach M V −8. We apply our model to NGC 1313 X-2 and NGC 4559 X-7. Both sources are well represented by a system accreting above Eddington from a massive evolved donor. For NGC 1313 X-2 the agreement is for a ∼ 20M black hole, while NGC4559 X-7 requires a significantly more massive black hole.
INTRODUCTION
Ultra-luminous X-ray Sources (ULXs) are non nuclear pointlike extragalactic X-ray sources with bolometric luminosity higher than the Eddington limit for a 10M black hole (L Edd ∼ 2 × 10 39 erg s −1 ; Fabbiano 1989). The majority of them are X-ray binaries with a neutron star (NS) or a black hole (BH), most probably accreting above the Eddington limit. In the past years, there has been an extensive debate on the possibility that the compact object is a stellar or a massive stellar BH accreting above Eddington (Zampieri & Roberts 2009; Mapelli et al. 2009; Belczynski et al. 2010; Feng & Soria 2011) , or an Intermediate mass Black Hole accreting sub-Eddington (Colbert & Mushotzky 1999) . The recent discovery of pulsating ULXs (Bachetti et al. 2014; Fürst et al. 2016; Israel et al. 2017a,b) led to the conclusion that the accretor can in fact also be a NS.
In the last 15 years a significant number of stellar optical counterparts of ULXs have been identified and progressively investigated in detail by several authors (e.g. Liu et al. 2002; Zampieri et al. 2004; Soria et al. 2005; Mucciarelli et al. 2007; Grisé et al. 2008 Grisé et al. , 2011 . Tao et al. (2011) and Gladstone et al. (2013) performed an homogeneous reanalysis of all the available Hubble Space Telescope (HST) photometric data of stellar counterparts of ULXs. In the majority of the cases, they appear to be hosted in young stellar environments (e.g. Ramsey et al. 2006; Pakull et al. 2006; Liu et al. 2007; Grisé et al. 2008 Grisé et al. , 2011 and have magnitudes and colours consistent with those of O-B type stars. As for Galactic X-ray binaries, the optical emission of ULX binaries originates from the donor star and the outer regions of the accretion disc. The X-ray flux produced in the innermost regions of the disc can intercept the outer regions and be thermalized, resulting in an enhancement of the optical-IR flux (e.g. Sanbuichi et al. 1993 for standard accretion onto a Schwarzschild BH). The peculiar character of ULX binaries is that X-ray irradiation could be dominant also for massive donors.
Comparison of stellar evolutionary tracks of ULXs with the photometric properties of their optical counterparts on the colour-magnitude diagram may be used to constrain the masses of their donor stars (e.g. Soria et al. 2005; Copperwheat et al. 2005 Copperwheat et al. , 2007 . Patruno & Zampieri (2008 (hereafter PZ and PZ2, respectively) produced evolutionary tracks of ULXs binary systems accreting onto a BH via a standard self-irradiated accretion disc. They showed that a massive donor is needed to fuel persistent ULXs at the required rates (see also Patruno et al. 2005; Rappaport et al. 2005) and provided constrains on both the donor and the BH. Several ULXs are also associated with very extended optical emission nebulae, that give important information on their energetics and lifetime (Pakull & Mirioni 2002; Roberts et al. 2003) .
In this work we consider a ULX with a stellar or massive-stellar BH accreting super-Eddington. This configuration can explain some basic facts concerning the X-ray spectral components and the short-term variability at high energies observed in some ULXs (Middleton et al. 2015) and is supported also by the detection of emission lines and blueshifted absorption lines from highly ionized Fe, O and Ne in high-resolution X-ray spectra (Pinto et al. 2016b ). Super-critical accretion was considered already in Shakura & Sunyaev (1973) , who proposed that in such conditions radiation pressure could originate an outflow from the innermost regions of the accretion disc. Abramowicz et al. (1988) first studied in detail the properties of such optically thick, advection-dominated accretion discs (slim discs). More recently, supercritical accretion onto BHs has been studied by means of 2D radiation and magneto-hydro simulations, that show the formation of an advection-dominated disc and an outflow region, with powerful clumpy winds driven by radiation pressure (e.g. Takeuchi et al. 2009; Ohsuga & Mineshige 2011; Takeuchi et al. 2013) .
In the following we study the evolution of ULXs binary systems and compute their optical emission assuming that they accrete onto a BH via a non standard, advectiondominated slim disc with an outflow. The plan of the paper is the following. In Section 2 we summarize the model of PZ for Eddington-limited accretion in ULX binaries, which is at the base of this work. In Section 3 we describe the implementation of our model for super-Eddington accretion in ULX binaries. In Section 4 we show the evolutionary tracks of our systems in the color-magnitude diagram and analyze the results obtained with and without an outflow. We then show a preliminary application of our model to NGC 1313 X-2 and NGC 4559 X-7. Finally, in Section 5 we discuss our results and further developments of this work.
SELF-IRRADIATED ACCRETION DISCS IN ULX BINARIES: THE PZ MODEL
The starting point of our calculation is the model of PZ, that includes X-ray irradiation. As in PZ, we compute the evolution of representative ULX binary systems with black holes (BHs) of 20 and 100M , and donor masses in the range between 8-25 M . The system is evolved up to the giant phase by means of an updated version of the Eggleton code. The emission properties and the track followed on the colourmagnitude diagram (CMD) are computed with a dedicated code during the contact phases. We assume Population I chemical composition (Helium abundance Y = 0.28, metal abundance Z = 0.02), a mixing length parameter α = 2.0 and an overshoot constant δov = 1.2. Wind mass loss from the donor has been taken into account following the prescription in de Jager et al. 1988 (see Patruno et al. 2005 , Madhusudhan et al. 2006 and PZ for details). However, accretion takes place only when the donor fills its Roche Lobe. In PZ accretion is assumed to be always sub-Eddington and the accretion rate is not allowed to exceed the critical rateṀcrit 10Ṁ Edd (for a standard efficiency of 0.1;Ṁ Edd = L Edd /c 2 ). Once the mass transfer rate sets in, a standard accretion disc (Shakura & Sunyaev (1973) ) forms. Its inner and outer radii are assumed to be equal to rin = 6rg, where rg is the gravitational radius, and rout = 2rcirc, where rcirc is the circularization radius.
1 A fraction of the X-ray flux emitted from the inner regions of the disc is absorbed and thermalized in the outer parts. Following Copperwheat et al. (2005) , the local temperature stratification induced by such X-ray heating is given by:
Here Bx(τ ) is the energy flux originating from X-ray irradiation, while B d (τ ) refers to the contribution of viscous heating. The former takes the form:
where Sx is the incident X-ray flux absorbed by an annulus of the disc, τ is the optical depth to optical photons, ξ = S h /Ss is the hardness parameter (ratio of the hard and soft X-ray flux), ks and k h are the opacities (in units of the electron scattering opacity) for the soft and hard components of the incident radiation, fs(α) and f h (α) are functions that depend on the geometry of the system (α being the angle of incidence of the X-rays measured from the normal to the surface), As = cos(α)/ks and A h = cos(α)/k h . The incident X-ray flux has been calculated from the following expression:
where Lx = ηṀ c 2 is the bolometric luminosity of the source and A is the albedo to X-rays, fixed at A = 0.9 2 . The disc spectrum is calculated integrating over the disc annuli and assuming that they emit as black bodies at the temperature given by equation (1) (where we set τ = 2/3 as the photospheric optical depth).
Concerning the star, assuming it at a distance equal
1 The circularization radius r circ is defined as the radius where the Keplerian angular momentum is equal to the angular momentum of the gas streaming from the inner Lagrangian point. The accreting gas settles initially at r circ and then spreads at smaller and larger radii because of viscous dissipation and conservation of angular momentum, forming a disc (see e.g. Frank et al. 2002, chapter 5 .2 for details). Typically, r circ is a significant fraction of the Roche lobe radius, so that the disc outer boundary rout cannot extend more than a few times r circ . We take rout = 2r circ as a reference value.
2 Varying the value of the albedo A between 0.7 and 0.95 has no major effects on the position and shape of the evolutionary tracks on the CMD, as shown in PZ2.
to the binary separation a, its temperature is given by an expression similar to equation (1):
where σT 4 unirr,star and σT 4 irr,star represent the energy fluxes of the unirradiated star and that originating from X-ray irradiation, respectively. The latter is calculated from:
For further details on the adopted irradiation model we refer to PZ, Wu et al. (2001) , and Copperwheat et al. (2005) .
Photometry of the donor
In order to perform a direct comparison of the emission properties of ULX binary systems with the available HST photometric measurements, in the present version of the code we implemented a different method for calculating the magnitudes of the donor stars. While PZ perform an interpolation of the tabulated magnitudes and bolometric corrections (BC) reported in Cox (1999) , here we use the code of Girardi et al. (2003) to calculate the donor magnitudes for a given luminosity, mass and metallicity. Thus, output magnitudes of the donor are now given in different photometric systems, including the Johnson and HST systems.
MODELLING SUPER-EDDINGTON ACCRETION IN ULX BINARIES
In the present model, when the accretion rate is below the Eddington limit, the treatment of the accretion flow follows that of PZ. However, in ULX binaries the mass transfer rate from the donor can exceed the Eddington rate. Wheṅ M ≥Ṁcrit, accretion can no longer proceed via a standard thin disc and a bimodal structure is assumed: an inner disc with non-standard disc geometry and temperature profile (vertical scale height comparable to the radius and T ∝ r −1/2 ), and an outer disc with standard structure. In addition, a massive optically thick outflow (with an inner advection dominated region) is assumed to set in. In these physical conditions, also the geometry of X-ray irradiation varies. Abramowicz et al. (1988) investigated accretion aṫ M ≥Ṁcrit assuming a vertically integrated disc structure. In these discs (usually referred to as slim discs) the radial infall velocity and the horizontal pressure gradient become important and can no longer be neglected in the Euler equation. The radial infall velocity of the gas is comparable to the rotational velocity. As the optical depth in the disc is very large, the radiation diffusion timescale becomes larger than the infall timescale and the gas transports a large fraction of the internal energy inwards, producing a strong horizontal heat flux. Such an advective cooling changes the energy balance of the disc. As a consequence, the disc scale height and the radial temperature profile differ significantly from the standard case. Moreover, a large fraction of the advected heat is accreted by the BH and the disc luminosity is no longer proportional to the accretion rate, but tends asymptotically to ≈ 10L Edd (Watarai et al. 2000) .
When the luminosity exceeds the Eddington limit, the huge pressure force produced by the emitted X-ray flux effectively removes gas from the surface of the disc, overcoming the gravitational force and leading to the formation of a massive radiation-driven outflow. This effect is clearly seen in recent 2D magneto-hydro simulations of super-Eddington accretion (e.g Takeuchi et al. 2013) . Observational evidence of the existence of high velocity outflows in ULXs comes from the discovery of emission and absorption lines in their optical (Fabrika et al. 2015) and X-ray (Pinto et al. 2016a) spectra. Then, in the following we assume that, when the mass transfer rate exceeds the Eddington limit, a bimodal disc structure sets in: an outer standard disc and an inner advection-dominated slim disc with an outflow. The radius where the transition between the two regimes occurs, as well as the onset and extension of the outflow, depend on the mass transfer rate.
Bimodal disc without outflow
As a starting point towards a full implementation of our model, we first consider the case of an hybrid (inner advection-dominated plus outer viscosity-dominated) disc structure without an outflow. The innermost and outermost radii of the disc are rin = 6rg and rout = 2rcirc. For the inner slim disc we adopt the parameterization (for self-similar solutions) of Watarai et al. (2000) . They define the boundary radius r0 as the radial coordinate where the structure of the disc changes (the inward advected heat is equal to the viscously dissipated heat). It is:
whereṁ =Ṁ /Ṁ Edd . Asṁ increases, the inner slim disc becomes more and more extended. This bimodal configuration affects the temperature profile (and hence the emitted spectrum) of the disc: in the inner region, where advection dominates, the temperature varies as T (r) ∝ r −1/2 , while in the outer region, where viscous heating is dominant, T (r) ∝ r −3/4 . Fig. 1 shows the luminosity calculated integrating the emitted flux over all the annuli of the disc and assuming local blackbody emission. When advection becomes important, the disc luminosity significantly overcomes the Eddington limit but it never exceeds ≈ 10L Edd (Watarai & Fukue 1999; Watarai et al. 2000) . In fact, asṁ increases, the photon mean free path becomes progressively smaller and the radiation diffusion timescale progressively larger. As a consequence, more and more internal energy is effectively advected inward on a dynamical timescale and not radiated away.
The geometry of the inner slim portion of the disc significantly affects also self-irradiation. The flux emitted from the inner regions intercepts the outer parts if dH/dr 1 and H/r 1 (see e.g. Frank et al. 2002) . In the inner regions of a slim disc H r and therefore the X-ray flux produced inside is not able to illuminate the outside. In these conditions the geometry of disc self-irradiation must be reconsidered.
Geometry of disc self-irradiation
In our hybrid disc structure the X-ray irradiating flux is produced outside the boundary radius r0. In these conditions, the fact that X-ray emission from the inner disc is isotropic Inner slim disc and outer standard disc scale height (in units of 2rg and in logaritmic scale) in our bimodal-disc model (ṁ = 509). The portion of the standard disc that can irradiate the outer regions is that between r 0 and rx.
or partially beamed has no effect on the outside region. We consider as irradiating flux all the radiation emitted between radii r0 and rx, where rx marks approximately the boundary of the region where the gas temperature falls within the X-rays-ultraviolet (UV) energy band (see Fig. 2 ). If the temperature at r0 is lower than 5 × 10 5 K, no X-ray irradiation takes place. The extension of the irradiating region (∆r = rx − r0) for BHs of 20 M and 100 M is shown in Fig. 3 . The extension of the irradiating region depends on the mass transfer rate, since both r0 and rx depend onṁ. ∆r reaches a maximum at around a few thousandsṁ and then decreases sharply. The irradiation luminosity shows a similar trend with the mass transfer rate. Clearly, the irradiating region is less extended than in the standard case. However, the X-ray-UV irradiation luminosity is bigger, because the flux increases with the mass transfer rate.
As the results of the evolutionary tracks with a bimodal disc structure without an outflow are likely not to be directly relevant for modelling ULXs, they are reported in Appendix A and are no longer discussed further.
Bimodal disc with outflow
In addition to a bimodal disc, we included in our model of ULX binaries also an optically thick outflow. For sufficiently largeṁ the outflow can cover all the slim disc and part of the standard disc. Following the treatment of Poutanen et al. (2007) (to which we refer for a detailed discussion), the outflow can be divided in four zones, depending on the optical depth (measured in the direction perpendicular to the disc plane) and on the mechanism involved in the energy transport. They are delimited by three characteristic radii: r ph,in and r ph,out mark the inner and outer radial locations of the photosphere, while r sph (spherization radius; Shakura & Sunyaev 1973 ) is the radius below (above) which energy transport is dominated by the outward advected heat (radiation diffusion). The expression of these radii is given by 
whereṁ0 =Ṁ /Ṁcrit and w is the fraction of radiative energy spent in accelerating the outflow. Following Poutanen et al. (2007) , we set w = 0.5. In terms of these radii the outflow is divided in four zones:
• zone A is the inner optically thin part of the outflow at r < r ph,in ;
• zone B is the inner optically thick part of the outflow between r ph,in and r sph , where outward advection of energy dominates;
• zone C is the outer optically thick part of the outflow between r sph and r ph,out , where diffusion of radiation dominates;
• zone D is the outer optically thin part of the outflow at r > r ph,out .
We approximate the temperature profile of the outflow in regions B and C with the following expressions:
where Tr sph = 1.5m
keV is the temperature at the spherization radius. The total luminosity of the system is calculated integrating the emitted flux over all the annuli of the disc for rin < r < r ph,in and r ph,out < r < rout, and over all radial slices of the outflow for r ph,in < r < r ph,out . Local blackbody emission at the appropriate temperature is assumed. The final expression of the emitted luminosity is (Poutanen et al. 2007 ):
This luminosity is shown in Fig. 4 , along with that computed from our models (see below). The fractional difference is at most 10%.
Geometry of disc self-irradiation
The geometry of disc self-irradiation with the outflow is different from that without the outflow. The outflow reprocesses entirely the disc emission up to r ph,out r0 and has a scale height of order unity. Consequently, radiation from the disc emitted inside r ph,out cannot hit the region of the disc outside it. The irradiating region is then ∆r = rx − r ph,out , with r ph,out r0, and is thus significantly less extended than in the pure slim disc case. Moreover, its dependence on the mass transfer rate is different, as shown in Fig. 3 . It has a maximum at a few hundreds timesṁ. An additional contribution to the emitting region may come also from the photosphere of the outflow located at r ph,out and facing the outer disc. We add its contribution to the irradiating flux if its temperature falls in the X-ray-UV band (eq.[11]). However, this is usually not sufficient to compensate the 'missing' flux from the region between r0 and r ph,out , and therefore irradiation is smaller than in the pure slim disc case. Also in this case, the fact that X-ray emission from the inner disc is isotropic or partially beamed has no effect on the outside region.
RESULTS

Photometry
We compared the B, V and R (Johnson) magnitudes obtained with the new treatment of the photometry of the donor star presented in Sec. 2.1 with those of PZ. The accretion disc and X-ray irradiation are not taken into account, while the decrement of the mass of the donor during its evolution is considered. The maximum difference between the magnitudes computed with the old and new treatment of photometry occurs for massive (> 20M ) stars during main sequence and is ∼ 40%. For comparison, in PZ the maximum fractional deviation of the adopted fitting formula from the tabulated reference magnitudes is ∼ 15%. Figure 5 . Evolution on the colour-magnitude diagram of a ULX binary system with a donor mass of 10M (upper panels) or 25M (lower panels) at zero age main sequence and a BH mass of 20M (left panels) or 100M (right panels). The thick (light grey, cyan in the on-line version) line represents the evolution calculated assuming standard sub-Eddington accretion (PZ). The thin (gray-scale, color-scale in the on-line version) line represents the new evolution computed for super-Eddington accretion. Points a, b and c mark the evolutionary phases at which the spectral energy distribution is computed. The track of the system with a 25M donor and a 20M BH was interrupted when r ph,out > rout. Representative arrows in the bottom left panel indicate the direction of the evolution along the tracks.
Evolutionary tracks on the color-magnitude diagram
We used the model described in the previous Sections to compute the evolution of 12 binary systems with the initial donor and BH masses reported in Tab. 1. In the following, we will show the results for systems with donors of 10M and 25M , and BHs of 20M and 100M . The initial binary separation of all systems is chosen so that the first contact phase occurs during MS. The possibility that accretion starts only after MS is not considered because, for massive donors, this phase is too short to be consistent with the characteristic age of the optical emission nebulae typically associated to ULXs (> 500 thousand years; Pakull & Mirioni 2002 ).
In Fig. 5 we show the evolutionary tracks on the colormagnitude diagram calculated in this paper, compared to those reported in PZ (case AB mass transfer). In the lower part of each track the donor is on the Main Sequence (MS). On the upper part the donor has left the MS and moves towards the Giant Branch. During MSṁ is sub-Eddington or mildly super-Eddington, while afterwards accretion becomes highly super-Eddington. As shown in Fig. 5 , during MS our tracks almost overlap those obtained by PZ. The residual difference depends mainly on the different method used for calculating the donor magnitude (see Sec. 4.1) and on the fact thatṁ is mildly super-Eddington. 
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(c) Figure 6 . Optical-through-X-ray spectrum of the system with a 10M donor and a 20M BH at the phases marked with a, b and c on the evolutionary track for super-Eddington accretion. The thick (red) line represents the spectrum of the self-irradiated outer disc plus the outflow and the innermost slim disc, while the thin (gray) line is the spectrum of the X-ray heated donor. The gray (light blue) strip marks the optical band. At phases a and c both the disc and the outflow irradiate the outer standard disc, while at phase b only the outflow does it. 
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(c) Figure 7 . Same as Figure 6 for a 25M donor and a 20M BH. At phase a the outflow irradiate the outer standard disc, while at phases b and c there is no irradiation. 
=438
(c) Figure 8 . Same as Figure 6 for a 10M donor and a 100M BH. At phases a and c only the photosphere of the outflow at r ph,out radiates the outer standard disc. In b both the outflow and the disc irradiate the outer standard disc. In c the donor is on the Giant branch. The mass of the donor star at each time is: M donor,a 4.99M , M donor,b 3.90M and M donor,c 1.38M .
When the donor evolves off the MS, the effects induced by the new structure of the accretion flow (superEddington accretion with outflow) become relevant and the tracks differ significantly from those of PZ. The evolutionary tracks are brigther and bluer than those computed assuming Eddington-limited accretion. These features depend on the combination of two effects. First, owing to the largerṁ , the flux emitted from the outer standard accretion disc grows significantly. Then, the temperature in the disc and the irradiating flux become progressively higher than in PZ, despite the fact that the extension of the irradiation region is reduced. Second, even if the X-ray-UV emitting region of the disc is hidden below the optically thick outflow, the photosphere of the latter can have a temperature sufficiently 
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(c) Figure 9 . Same as Figure 6 for a 25M donor and a 100M BH. At phases a and c no irradiation occurs. The mass of the donor star at each time is: M donor,a 13.06M , M donor,b 11.46M and M donor,c 7.30M .
high to effectively irradiate the outer regions. These effects increase both the emitted luminosity and irradiation making the system appearing brigther and bluer.
As the system evolves, the orbital separation increases, the accretion disc becomes bigger and the disc emission comparatively redder. In addition, at variance with PZ, in our model we allow the mass ratio to vary during the evolution of the binary system. As all our evolved donors lose a considerable amount of mass, the separation and the accretion disc are bigger than in PZ. We note that the track of the system with a 25M donor and a 20M BH was interrupted when r ph,out > rout, as the outflow starts to engulf the binary because of the very high mass transfer and outflow rates, and the model is no longer self-consistent. While this does not rule out the possibility that these systems exist and may reproduce some of the observed ULXs, they are likely to evolve in a significantly different way and treating them is beyond the goals of the present investigation.
In general, systems with a 20M BH and 12 − 20M donors accreting supercritically are characterized by rather blue colors (F450W -F555W −0.2 : +0.1) and high luminosity (MV −4 : −6.5) when the donor has evolved off the main sequence. Systems with a massive (100M ) BH accreting supercritically from evolved donors of similar mass have comparable colours but can reach MV −8.
Points a, b and c on the colour-magnitude diagram in Figure 5 mark the post-MS evolutionary phases at which optical-through-X-ray spectra are computed. They are shown in Figures 6 -9 and refer to phases with high mass transfer rate. The X-ray spectrum includes the contribution of the disc and the outflow, assuming that they emit locally as blackbodies at different temperatures. A more realistic description of the inner disc spectrum, which involves modelling additional physical processes, will be presented in a forthcoming paper. The bump at optical wavelengths that forms in standard accretion discs because of self-irradiation (e.g. Sanbuichi et al. 1993 ) is suppressed as irradiation is comparatively less important than the intrinsic disc emission at very highṁ. The flux emitted from the accretion disc overcomes that from the star in almost all cases.
Comparison with the HST photometry of NGC 1313 X-2 and NGC 4559 X-7
A detailed comparison of the computed evolutionary tracks and optical-through-X-ray spectra of our models with a sample of ULXs is ongoing. Here we show a preliminary application to NGC 1313 X-2 and NGC 4559 X-7 using only optical data. We compare the position on the CMD of the optical counterparts of NGC1313 X-2 and NGC4559 X-7 with the evolutionary tracks of our systems. We account for ULXs variability taking the mean values of the magnitudes collected in different epochs. Absolute magnitudes are calculated for the distances reported in the literature and adopted for the parent population studies (see below).
NGC 1313 X-2
NGC 1313 X-2 (hereafter X-2) is one of the best known and studied ULXs, hosted in the barred spiral galaxy NGC 1313. In the following, we assume a distance of 4.07 ± 0.22 Mpc (Grisé et al. 2008 ) and an optical extinction E(B−V ) = 0.13 (Tao et al. 2011 ). The observed X-ray luminosity of NGC 1313 X-2 is in the range 10 39 -3 × 10 40 erg s −1 (Mucciarelli et al. 2007 ). The environment of this ULX has been analyzed in detail (Zampieri et al. 2004; Mucciarelli et al. 2007; Grisé et al. 2008 ). The source is found to reside in an OB association aged ∼ 20 ± 5 Myrs (Grisé et al. 2008) . Intensive HST monitoring of its optical counterpart in 2009 led to the determination of the orbital period of the system, which turns out to be P = 6.12 ± 0.16 days in case of significant X-ray irradiation of the donor or P = 12.24 ± 0.16 if X-ray irradiation is negligible (Liu et al. 2009 , Zampieri et al. 2012 .
As the source appears to show both regular and stocastic variability at the level of ∼ 0.1 mag, in the following we will consider the average of all measurements of X-2 taken during the 2009 monitoring campaign (F555W = −4.88 ± 0.06, F450W-F555W = −0.18 ± 0.1; Tao et al. 2011) 3 . This value then represents a reasonable smoothed average of the observed orbital and X-ray irradiation-induced variability. Figure 11 . Same as Fig. 10 for NGC4559 X-7. We assume a distance of 10 Mpc.
In Fig. 10 we compare the position on the colourmagnitude diagram of the optical counterpart of X-2 with the evolutionary tracks of ULX binaries accreting above Eddington. The point representing X-2 intersects: (i) the tracks of a 100M BH with donors of 20 and 25M in the MS phase, (ii) the tracks of a stellar-mass BH with donors of 12, 15, 20 and 25M during the terminal age MS or H-shell burning phase, when accretion is super-critical. We rule out the first possibility because the duration of the entire tracks that intersect the photometric point is less than 8-12 Myrs, not in agreement with the age of the parent stellar population (∼ 20 ± 5 Myrs). Concerning the stellar-mass BH case (ii), we exclude donors more massive than 20M for similar reasons. On the other hand, case (ii) with donors having initial masses in the range 12 − 15M is in agreement with the age of the parent stellar population. For these systems the bolometric luminosity (∼ 10 40 erg s −1 ) is consistent with the observed range of values. It is important to note that, at the time of intersection, accretion is highly super-critical and the optical emission is dominated by the outer standard portion of the disc. Nonetheless, the contribution of the star to the optical flux is 10%, sufficient to produce a ∼ 0.1 mag modulation on the optical light curve if irradiation is important. The orbital period P is between 4.5 and 5 days, in reasonable agreement with the reported photometric periodicity. In this case, the observed ∼ 6 days modulation would represent a single orbital period and the maximum of the light curve would correspond to superior conjunction, when the largest fraction of the irradiated donor surface is visible. Any evidence of a ∼ 12 days asymmetric modulation would rule out this scenario.
NGC 4559 X-7
NGC 4559 X-7 (hereafter X-7) is a ULX located in the outerskirts of the spiral galaxy NGC 4559. We assume a Galactic extinction E(B − V ) = 0.018 (Tao et al. 2011 ) and a distance of 10 Mpc ). The ULX is embedded in a young star-forming complex with age ≤ 30 Myrs and stars in the Chandra error circle are Red or Blue Supergiants with age ∼ 20 Myrs. The average magnitude and colours of the optical counterpart of X-7 are F555W = −7.05 ± 0.08 and F555W-F814W = −0.11±0.13 (from two measurements; Tao et al. 2011) , while its bolometric luminosity is ∼ 5×10 40 erg s −1 ).
In Fig. 11 we compare the position on the colourmagnitude diagram of the optical counterpart of X-7 with the evolutionary tracks of ULX binaries accreting above Eddington. We rule out that X-7 is powered by accretion onto a stellar-mass BH of 20 M because, even for super-Eddington accretion from a 20 − 25M donor in the H-shell burning phase, the magnitude is too low to reproduce the observed photometry. Conversely, the point representing X-7 intersects the evolutionary tracks of a 100 M BH accreting above Eddington from a 15 − 25M evolved donor. Assuming a characteristic age of ∼ 20 Myrs, a ∼ 15M donor is more plausible. Tracks computed for a more extended grid of BH masses show agreement for masses in the range 70 − 100M (Ambrosi, Zampieri et al. in prep.) . For all these systems the bolometric luminosity (∼ 4 × 10 40 erg s −1 ) is in fair agreement with the observed value.
Finally, we note that, irrespective of the BH mass, both the counterparts of NGC 1313 X-2 and NGC 4559 X-7 appear to be associated with evolved donors. Despite the post-MS phase of a massive star not being its longest evolutionary phase, it is certainly the only one with significant superEddington rates. Limiting the comparison to this phase, the position on the post-MS tracks of NGC 1313 X-2 (where agreement with the observed photometry is found) falls on a rather short-lived phase of the system (when the orbital separation is rapidly increasing), while it falls along a comparatively slower evolutionary phase for NGC 4559 X-7. On this ground alone, the probability of finding NGC 4559 X-7 at the observed position on the CMD seems somewhat higher than that of NGC 1313 X-2.
DISCUSSION AND CONCLUSIONS
In this work we modelled the optical emission of ULXs accreting super-Eddington. At first we considered a bimodal accretion disc formed by an inner advection-dominated slim disc and an outer standard disc. Then, we included the effects of an outflow produced by radiation pressure. As noted above, the case of a pure slim disc is useful to understand the effects of supercritical accretion on the emission properties of the disc and on self-irradiation. Forṁ > 10 3 the outflow can completely cover the accretion disc and the evolution can no longer be followed with the present model.
Super-critical accretion has considerable effects on the optical emission. The disc self-irradiation is very different from that produced in the standard case. The innermost regions do not radiate the outer ones. Two competing effects influence self-irradiation. On one side, the irradiating flux grows withṁ. On the other side, it decreases because the size of the irradiating region diminishes. Irradiation is considerably stronger than that produced by an Eddingtonlimited disc, but at very highṁ it is progressively less important than the intrinsic disc and donor emission.
During MS, the evolutionary tracks on the CMD obtained with our model almost overlap with those of Patruno & Zampieri (2008) . The residual difference depends on the treatment of photometry and to the fact that the accretion rate can be mildly super-Eddington. On the other hand, the post MS evolution is markedly different and is characterized by two phases. Initially, when the accretion disc is not very extended, the luminosity increases withṁ and the system becomes bluer (B − V = −0.3 − 0.1). As the orbital seperation increases, the accretion disc becomes bigger, the emission becomes progressively redder and the system moves to the right on the CMD. At super-Eddington rates, the disc flux typically overcomes that produced by the donor (apart from the case of small black holes and very massive donors) and the 'optical bump' that characterizes standard self-irradiated discs disappears.
We compared the predictions of our model with the HST observations of NGC 1313 X-2 and NGC 4559 X-7. We constrain the donor and the BH mass of these objects, considering as a further constraint the age of the parent population and the observed bolometric luminosity. The position of NGC 1313 X-2 on the CMD is in agreement with a 20M BH accreting above the Eddington limit from a post-MS donor with initial mass in the range 12 − 15M . The orbital period of the system is ∼ 5 days, in fair agreement with the observed one. It should be emphasized that the 20M BH and 12 − 15M donor tracks intersect the observed photometric point of X-2 because accretion is highly super-critical and the optical emission, dominated by the outer standard portion of the disc, is significantly enhanced and blue in comparison with that for Eddington-limited accretion.
We now compare the results of the dedicated analysis of NGC 1313 X-2 presented by Patruno & Zampieri (2010) (PZ2) for Eddington-limited accretion with those obtained here. PZ2 found that the photometric point representing X-2 is well reproduced by a system with a ∼ 50 − 100M BH and a MS donor of ∼ 12 − 15M or by a system with a ∼ 20M BH undergoing mass transfer from a H-shell burning donor of ∼ 12−15M . The orbital period of the systems that intersect X-2 on the CMD is ∼ 6 days in the first case and ∼ 12 days in the second case. In both cases accretion is Eddington-limited. A similar conclusion for the ∼ 20M BH case was reached by Mapelli & Zampieri (2014) who calculated the magnitudes of simulated ULX binaries evolved in young star clusters and compared them with the available photometry of several ULXs. The adopted code is that of PZ and PZ2, while the input parameters at the beginning of the Roche-lobe overflow phase (radius, mass, optical luminosity, effective temperature, and age of the donor, mass of the BH, orbital period) were provided by N -body simulations, that did not produce matches with systems having BH masses larger than ∼ 25M .
In fact, besides the accretion regime, there are two other aspects to consider when comparing the results of PZ2 with our ones. First, PZ2 considered the HST ACS observations performed in 2003 (taken from Mucciarelli et al. 2007 ), while here we considered a longer dataset, averaging over the variability induced by the orbital motion and X-ray irradiation. Second, the conversion from HST ACS/WFC F435W and F555W filters to the standard Johnson photometric system leads to some inaccuracy, especially for variable sources (see e. g. Sirianni et al. 2005) . We note that also Mapelli & Zampieri (2014) Letting aside the details of the photometric comparison, we note that the orbital period of the 20M BH matching binary system is ∼ 12 days for Eddington-limited accretion, while it is ∼ 5 days for super-Eddington accretion. In fact, in order to reach a comparable optical luminosity an Eddington-limited disc has to be more extended, and hence the system has to have a longer orbital period. This would provide a further means to distinguish between Eddingtonlimited and super-Eddington accretion in this sytem. Unfortunately, present measurements are not sufficiently accurate to discriminate between a ∼ 6 days irradiation-modulated orbital periodicity and a ∼ 12 days ellipsoidally-modulated one.
Also the optical counterpart of NGC 4559 X-7 has been previously analysed by PZ. The same caveat concerning the photometric transformation to the Johnson system applies also here, but is less critical. The same HST measurement of Soria et al. (2005) is considered. PZ found that X-7 is reproduced by a massive or a stellar-mass BH accreting from a 30−50M donor during the H-shell burning phase. We did not consider donors more massive than 25M for a 20 M BH because, after the MS, the outflow starts to engulf the binary and the model is no longer self-consistent. For less massive donors, no agreement is found because the optical emission is not sufficiently luminous. For a 100 M BH, agreement is found for evolved donors of 15 − 25M , smaller than in the Eddington-limited systems of PZ owing to the fact that super-Eddington accretion makes the tracks more luminous and bluer for a given donor mass.
We note that our result for NGC 1313 X-2 is consistent with the findings of Bachetti et al. (2013) , who performed a detailed analysis of the NuSTAR and XMM-Newton spectra of the source using a slim disc plus Comptonization model and found that they are well described by a low mass BH (M ∼ 20 − 30M ). The results for NGC 1313 X-2 and NGC 4559 X-7 are also in agreement with the BH masses estimated by Fiacconi et al. 2017 using the same wind model (Poutanen et al. 2007) . From the properties of the outflow measured in the X-rays they constrain the masses and accretion rates of NGC 1313 X-1, NGC 55 ULX and NGC 5408 X-1, finding that the BH mass is likely to be in the range 10 − 100M .
In the future we will explore in detail the properties of all the ULXs with avaiable optical observations. We will compare them with updated evolutionary tracks covering a wider parameter space in terms of BH and donor masses. The comparison will be performed in the same photometric system used for the observations, accounting for the variability of the sources and including the optical-through-X-ray spectral energy distribution. Moreover, the case of accreting NSs will be explored in order to asses whether optical emission can help distinguishing between ULXs hosting BHs and NSs. As detecting pulsation has proven to be very difficult, it would be important to have other methods to discriminate among them. Modelling accreting NSs is made more difficult by the dynamical and radiative effects of the magnetic fields, the structure and strength of which in pulsar ULXs are unknown. At present we are working at extending our super-Eddington accretion model to the case of a nonmagnetized NS, which can be accomodated with relatively little effort within the present framework. Results will be presented in a forthcoming paper. Figure A1 . Evolution on the colour-magnitude diagram of a ULX binary system with a donor mass of 10M (upper panels) or 25M (lower panels) at zero age main sequence and a BH mass of 20M (left panels) or 100M (right panels). The thick (light grey, cyan in the on-line version) line represents the evolution calculated assuming standard sub-Eddington accretion (PZ). The thin (dark gray, red in the on-line version) line represents the new evolution computed for super-Eddington accretion without an outflow. Points a, b and c mark the evolutionary phases at which the spectral energy distribution is computed. 
=117
(c) Figure A2 . Optical-through-X-ray spectrum of the system with a 10M donor and a 20M BH at the phases marked with a, b and c on the evolutionary tracks for super-Eddington accretion without an outflow. The thick (red) line represents the spectrum of the self-irradiated outer disc plus the outflow and the innermost slim disc, while the thin (gray) line is the spectrum of the X-ray heated donor. The gray (light blue) strip marks the optical band. Irradiation is significant at all phases and causes the observed increase of the optical flux. 
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(c) Figure A3 . Same as Figure A2 for a 25M donor and a 20M BH. The accretion rate is so high that the optical flux emitted from the disc dominates over that from irradiation. 
=438
(c) Figure A4 . Same as Figure A2 for a 10M donor and a 100M BH. Irradiation is significant at all phases and causes the observed increase of the optical flux. 
=1106
(c) Figure A5 . Same as Figure A2 for a 25M donor and a 100M BH. The accretion rate is so high that the optical flux emitted from the disc dominates over that from irradiation.
